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Abstrat. Let S· be a noetherian graded algebra over a ommutative k-
algebra A, where k is a ommutative ring, and assume it is a module over
a Lie algebroid gA/k. If S
·
is semi-simple over gA/k we prove that its ring
of invariants S¯· is notherian. When gA/k is a solvable Lie algebra over A we
onstrut noetherian subalgebras of S· from subsets of haraters of gA/k. We
give similar results for noetherian modules over the pair (S·, gA/k).
1.
Let A/k be a ommutative k-algebra over the ring k, and TA/k its A-module
of k-linear derivations, whih is also a k-Lie algebra. Let gA/k be an A-module
of nite type provided with a k-linear Lie braket [·, ·] : gA/k ⊗k gA/k → gA/k
and a homomorphism α : gA/k → TA/k of Lie algebras and A-modules, where
we require [δ, aη] = α(δ)(a)η + a[δ, η], a ∈ A, δ, η ∈ gA/k. We all the objet
(A, gA/k, α) a Lie algebroid, thinking of it as an innitesimal Lie groupoid; the
names Lie-Rinehart algebra and Atiyah algebra also irulate in the literature. Here
are two basi families of examples of Lie algebroids: (i) gA/k = TA/k(I) ⊂ TA/k,
the Lie subalgebroid of derivations ∂ whih preserve an ideal I ⊂ A, ∂(I) ⊂ I;
(ii) gA = A ⊗k gk, where gk is a k-Lie algebra provided with a homomorphism
of k-Lie algebras φ : gk → TA/k, where [a1 ⊗ δ1, a2 ⊗ δ2] = a1φ(δ1)(a2) ⊗ δ2 −
a2φ(δ2)(a1)⊗δ1+a1a2⊗ [δ1, δ2], a1, a2 ∈ A, δ1, δ2 ∈ gk, and α : A⊗k gk → TA/k,
α(a⊗ δ) = aφ(δ).
A gA/k-module is an A-module M and a homomorphism of k-Lie algebras f :
gA/k → Endk(M) suh that f(aδ)(m) = af(δ)(m) and f(δ)(am) = α(a)m +
af(δ)(m), δ ∈ gA/k, a ∈ A, m ∈M. By a graded gA/k-algebra we mean a graded
ommutative A-algebra S· = ⊕i≥0S
i
, whih at the same time is a gA/k-module
by a homomorphism of A-modules and Lie algebras φ : gA/k → TS·/k, suh that
φ(δ)(Si) ⊂ Si, δ ∈ gA/k.
A graded (S·, gA/k)-module is a graded S
·
-module and gA/k-module M
· =
⊕i∈ZM
i
suh that δ · Mi ⊂ Mi and δ(sm) = δ(s)m + sδm, s ∈ S·,m ∈ M·,
δ ∈ gA. We let Mod(S
·, gA/k) be the the ategory of graded (S
·, gA/k)- modules
M· whih are of nite type over S·.
When M· ∈ Mod(S·, gA/k) we denote its invariant spae M
· = (M·)gA = {m ∈
M· | δ ·m = 0, δ ∈ gA}. Clearly, S
· = ⊕Si is a graded subring of S·, and M· is an
S·-module.
2.
The following result generalizes Hilbert's theorem about the nite generation of
invariant rings with respet to semi-simple Lie algebras [1℄.
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Theorem 2.1. Assume that M· ∈ Mod(S·, gA) where S
·
is a graded noetherian
gA/k-algebra.
(1) Assume that S· is semi-simple over gA and S
0
is noetherian. Then
S·
is a graded and noetherian subring of S·.
(2) Assume (1) and also that M· is semi-simple over gA. Then M
·
is of
nite type over
S·.
Remark 1. It is likely that the assumption in Theorem 2.1, (2), an be relaxed so
that (1) need not be assumed, at least when A is a eld. The problem is that we
need to know that the gA/k-module HomA(M
·,M·) is semi-simple, sine then S·
an replaed by its image in HomA(M
·,M·). However, it seems that in general it
is a non-trivial problem to see when the gA/k-module of A-linear homomorphisms
of semi-simple modules is semi-simple.
Lemma 2.2. If N is an (S0, gA/k)-module of nite type over S
0
and semi-
simple over gA/k, then N is of nite type over S
0
.
Proof. The S0-submodule S0 N ⊂ N is of nite type over S0, hene there exists
an integer n and a surjetive homomorphism of (S0, gA/k)-modules ⊕
n
i=1S
0 →
S0 N. Sine S0 and N are semi-simple, and therefore also S0 N is semi-simple, it
follows that this homomorphism is split, so applying the funtor HomgA/k(A, ·)
the indued map ⊕ni=1
S0 → (S0 N)gA/k = N is also surjetive. 
Lemma 2.3. Make the assumptions in Theorem 2.1, (1) and (2), so in par-
tiular S· = AS· ⊕ Q, where Q is a semi-simple gA/k-submodule of S
·
, and
M· = A M· ⊕M1. Then Q M
· ⊂M1.
Proof. Let D = D(gA/k) be the enveloping ring of dierential operators of gA/k.
For elements q ∈ Q and m ∈ M· we have q m = m0 +m1, where m0 ∈ A M
·
and
m1 ∈ M1, and our goal is to prove m0 = 0. Sine Q is semi-simple it suÆes to
prove this when D · q is simple. Sine D ·m0 ⊂ A M
·
it follows that Dm0 = D ·
(Dm0)
gA/k
. Therefore, sine (D·q)∩AS· = {0}, it follows that HomD(Dm0,Dq) =
0; hene AnnD(m0) 6⊂ AnnD(q), so there exists an element P in D suh that Pq 6= 0
and Pm0 = 0. We have now
D · (m0 +m1) = D(q m) = (D · q) m = (D · P · q) m = DP(m0 +m1) = DPm1.
Therefore m0 ∈M1 ∩A M
· = {0}. 
Proof of Theorem 2.1 (1): Sine S· is graded noetherian there exists an integer
r suh that the graded S0-submodule of V = ⊕ri=1
Si ⊂ S·+ generates S
·
S·+ over S
·
.
Let B· be the subalgebra of S· that is generated by V and S0, so in partiular
Bi = Si when 0 ≤ i ≤ r. Let d > r be an integer and assume by indution that
Si = Bi when i < d. We have (as detailed below)
Sd = (
∑
1≤i≤r
Si · Sd−i) ∩ Sd =
∑
1≤i≤r
Si · Sd−i =
∑
1≤i≤r
Bi · Bd−i = Bd.
The rst equality follows from the inlusion
Sd ⊂ S·S+ = S
· · V , noting that V is
onentrated in degrees 1 to r. To see learly the seond equality, we rst have by
Lemma 2.3 that
Sd−iQi ⊂ Qd; then sine Sd = ASd ⊕ Qd, if f ∈ Qd, g ∈ ASd,
and f + g ∈ Sd, it follows that f = 0. The last equality follows by indution. This
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proves that B· = S·. Sine B0 = S0 is noetherian and V is of nite type over B0 by
Lemma 2.2, Hilbert's basis theorem implies that
S· is nitely generated.
(2): The proof is similar to (1). Sine M· is noetherian there exists an integer
r suh that the graded S0-submodule W = ⊕1≤i≤rM
i
of
M· generates the graded
S·-module S· M·>0 ⊂ M
·
. There exists also an integer t suh that Mi = 0 when
i < t. Let N· be the S·-submodule of M· that is generated by M·≤0 and W. Then
Ni = Mi when i ≤ r. Let d > r be an integer and assume that Ni = Mi when
i < d. We have then again by indution
Md = (
∑
1≤i≤r
Si · Md−i) ∩ Md =
∑
1≤i≤r
Si · Md−i =
∑
1≤i≤r
Si ·Nd−i = Nd.
The seond equality follows from the inlusion Qd−i · Mi ⊂ M1 (Lem. 2.3).
Therefore
M· = N·, and sine N· is nitely generated over S· by Lemma 2.2 this
ompletes the proof.
3.
Now assume that A = k and α = 0, so that gk is a Lie algebra over k, and assume
moreover that gk is solvable, so S
·
k need not be semi-simple even when k is a eld.
In fat, by a famous ounter-example to Hilbert's 14th problem due to Nagata [2℄,
there exists a noetherian gk-algebra S
·
k where gk is a solvable nite-dimensional
Lie algebra over a eld k, suh that the invariant ring S· is not noetherian.
Instead of the invariant subring we will make a onstrution of noetherian sub-
algbras of S·k using subsets of haraters of the gk-module S
·
k. Let Ch(gk) =
(gk/[gk, gk])
∗
be the harater group. If χ ∈ Ch(gk), we put S
·
χ = {s ∈ S
· | (X −
χ(X))ns = 0, n ≫ 1, X ∈ gk}. Similarly, we dene M
·
χ when M
·
is any graded
(gk, S
·)-module, and put suppgk M
· = {χ ∈ Ch(gk) | M
·
χ 6= 0}.
Theorem 3.1. Let S· = ⊕n≥0S
n
be a noetherian graded gk- algebra, where gk
is a solvable Lie algebra and put C = suppgk S
·
. Then
S· =
⊕
χ∈C
S·χ,
and C is a ommutative sub-semigroup of Ch(gk) where the binary operation
is indued by the ring struture of S·.
(1) Let Γ be a subsemigroup of C, and put Γc = C \ Γ . Then
S·Γ =
⊕
χ∈Γ
S·χ
is a graded gk-algebra, and if moreover Γ + Γ
c ⊂ Γc, then S·Γ is noe-
therian.
(2) Let M· be a nitely-generated graded (gk, S
·)-module and put CM =
suppgk
M·. Then
M· =
⊕
φ∈CM
M·φ,
and C ats on CM in a natural way. Let Γ be a subsemigroup of C, Φ
be a subset of CM, put Φ
c = CM \Φ, and onsider the onditions:
(a) Γ ·Φ ⊂ Φ,
(b) Γc ·Φ ⊂ Φc.
4 ROLF K

ALLSTR

OM
Then (a) implies that
M·Φ =
⊕
φ∈Φ
M·φ
is a graded (S·Γ , gk)-module. If also (b) is satised, then M
·
Φ is of nite
type over S·Γ .
Remark 2. The assumption are trivially true when Γ = {0} ⊂ C, and S·(0) is the
subalgebra on whih gk ats loally nilpotently. If moreover k is a eld of hara-
teristi 0 and S·(0) is the symmetri algebra over a nite dimensional representation
of gk, Weitzenbok's theorem [3℄ implies that its invariant ring S
·
(0) is noetherian.
Proof. (1): Sine gk is solvable it follows that S
·
χS
·
χ ′ ⊂ S
·
χ+χ ′ , implying that C is
a sub-semigroup of Ch(gk), and S
·
Γ is a gk-subalgebra. It remains to prove that
S·Γ is noetherian. Dene a noetherian algebra B
·
as in the proof of Theorem 2.1,
so Bi = SiΓ when 0 ≤ i ≤ r. Let d > r be an integer and assume that B
i = SiΓ
when 0 ≤ i ≤ d − 1. Sine Γ + Γc ⊂ Γc it follows that S·ΓcS
·
Γ ⊂ S
·
Γc . Therefore
Sd−iΓ S
i
Γc ⊂ S
d
Γc , and we get as before
SdΓ = (
∑
1≤i≤d−1
Si · Sd−iΓ ) ∩ S
d
Γ =
∑
1≤i≤d−1
SiΓ · S
d−i
Γ =
∑
1≤i≤d−1
Bi · Bd−i = Bd.
This proves by indution that B· = S·Γ .
(2): The ation of C on CM is indued by the S
·
-ation on M·. The proof that
M·Φ is of nite type over S
·
Γ is analogous to the proof of Theorem 2.1, (2). 
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